A solid state mechanism for cooling high-current cables is proposed based on the Ettingshausen effect, i.e. the transverse thermoelectric cooling generated in magnetic fields. The intense current running in the cable generates a strong magnetic field around it, that can be exploited by a small current running in a coating layer made out of a strong "thermomagnetic" material to induce a temperature difference between the cable core and the environment. Both analytical calculations and realistic numerical simulations for Bismuth coatings in typical magnetic fields are presented. The latter yield temperature drops 60K and >100K for a single-and double-layer coating respectively. These encouraging results should stimulate the search for better thermomagnetic materials, in view of applications such as self-cooled superconducting cables working at room temperature.
A solid state mechanism for cooling high-current cables is proposed based on the Ettingshausen effect, i.e. the transverse thermoelectric cooling generated in magnetic fields. The intense current running in the cable generates a strong magnetic field around it, that can be exploited by a small current running in a coating layer made out of a strong "thermomagnetic" material to induce a temperature difference between the cable core and the environment. Both analytical calculations and realistic numerical simulations for Bismuth coatings in typical magnetic fields are presented. The latter yield temperature drops 60K and >100K for a single-and double-layer coating respectively. These encouraging results should stimulate the search for better thermomagnetic materials, in view of applications such as self-cooled superconducting cables working at room temperature.
Transmission of intense electric currents through conducting cables is of obvious importance for energy supply. However the present distribution through high-voltage power-lines suffers considerable losses due to Joule effect caused by the resistance of the metallic cables. A promising alternative is represented by superconducting cables, where the resistance is zero. However present-day materials reach the superconducting state below very low temperatures (T c 18K for a widespread "conventional" superconductor, Nb 3 Sn, while T c 90K for one of the new "high-temperature" superconductors, YBCO), making their technological use viable only in specific conditions in which cooling to cryogenic temperatures is possible. Both these types of cables are also used in the coils of high-field magnets used in medical applications like magnetic resonance imaging, in levitating train technology, energy storage and for scientific purposes.
In all these situations a solid-state method for cooling the cables can potentially improve the performances by lowering the resistance in resistive cables and helping or even replacing the existing cryogenic methods to lower the environmental temperature of superconducting cables. I propose such a potentially useful method here.
In the proposed setup the cable transporting the main current is coated with -but electrically insulated from -a layer of another material with strong thermomagnetic properties. A "thermomagnetic material", like elemental Bismuth, is one that manifests strong NernstEttingshausen effect, which is the transverse counterpart of thermoelectric (Seebeck-Peltier) effects induced by a strong magnetic field. In particular the Ettingshausen effect (see the upper panel of Fig. 1 ), is the generation of a temperature gradient in the direction orthogonal to both the electric current flowing in a material and the applied perpendicular magnetic field. The technological use of thermoelectricity (for coolers, waste heat recoverers, nuclear generators in space missions, etc.), utterly boosted by the recent improvement in materials performances due to a strong research effort, is already a reality, and growing [1] . Thermomagnetic effects instead have been much more neglected for technological devel- Upper panel: illustration of the Ettingshausen effect in a slab of rectangular section. A current flowing in theẑ direction in presence of a magnetic field oriented in thê y direction generates a temperature gradient in thex direction. Lower panel: sector of a section of the coaxial cable in the proposed setup. The (super)conductor carrying the main current is depicted in grey (r < r0), the thermomagnetic material in beige (r0 < r < R). Electrical insulation is implied between the layers. The magnetic field B is generated by the main current I, whereas the temperature gradient is the outcome of the Ettingshausen effect due to the current J.
opments due to the impracticality of incorporating strong permanent magnets into devices.
What I point out in this article (see the lower panel of Fig.1 ) is that in a high-power cable the main current I transported in the core generates a magnetic field around it that can be used for Ettingshausen cooling of the ca-ble itself. Indeed this field is in the right geometry for an auxiliary current J running into the outer thermomagnetic layer to induce a temperature gradient between the cable core and the outer environment. The two current should not be confused: the density of the main current will be typically several orders of magnitude larger than that of the auxiliary current.
MAGNITUDE OF THE EFFECT
One may rightfully wonder if such an effect can be large enough for practical use. Indeed one can consider two possible applications of extreme technological interest, among others, like cooling a cable with a high-T c superconductor core for it to function in an environment at ambient temperature, or for a cable of conventional superconductor to function at liquid Nitrogen temperature. For these situations very large temperature drops induced by the cooling mechanism are needed, with T l < T h /2 (where T l and T h are the temperatures of the cold side and of the hot side of the cooling coating, respectively, such that ∆T = T h − T l the temperature drop due to the Ettingshausen cooler). Bismuth and its Sb-alloys are known for having the strongest Nernst-Ettingshausen effect with a thermomagnetic power N B largely surpassing the mV/K in a range of temperatures [2, 3] (where N (T, B) is the Nernst coefficient defined as the voltage generated in a Nernst setup per Kelvin per Tesla, and B the magnetic field). The performance of a cooling device is however not only set by the thermomagnetic power, but also by the material electrical resistivity ρ(T, B) and thermal conductivity K(T, B). Indeed a high thermal conductivity eases the heat back-flow and makes the task of maintaining the temperature gradient harder. Moreover the heat produced by the Joule effect contrasts the cooling mechanism in general, thus a high resistivity is detrimental to a good performance. It is to be noted that the Joule heating grows quadratically with the electric current, while the Ettingshausen effect only linearly. This implies that there is an optimal applied voltage for which an Ettingshausen device reaches the maximal temperature difference ∆T , beyond which ∆T decreases and vanishes.
In practice the combination of the above quantities that better describes the thermomagnetic performance is the figure of merit Z = (N B) 2 ρK , which is indeed also a function of temperature and magnetic field. It has the dimension of an inverse temperature so that it is customary to characterize a material by its adimensional figure of merit ZT, which can assume values between 0 and 1. Measured ZT for Bi and BiSb alloys reaches, in high magnetic fields, values between 0.2 and 0.4 in the temperature range 100-300K [4] (inset of Fig. 3 ). All the above quantities are intended defined in a transversely isothermal setup (see supplementary information). Another useful quantity is the adiabatic figure of merit Z a , defined analogously to Z, but using the adiabatic resistivity. The two figures of merit are related by Z a = Z 1−ZT . It can be shown [5] [6] [7] that in a parallalelepiped setup like the one depicted in the upper panel of Fig.1 the expected temperature drop ∆T is roughly (exactly, if N , ρ, K and thus Z are independent of temperature):
(1) whereT = (T h + T l )/2 is the middle temperature between the hot and cold side. ∆T is then for example of the order of 30K for a material with ZT=0.2 in a device with a heat sink at the ambient temperature of 300K. Indeed experimental measures on blocks of good thermomagnetic materials have been performed in similar conditions: Kooi et al. [3, 7] report, in accordance with eq.(1), a measured ∆T 30K for a rectangular block of singlecrystal Bi(97)Sb(3) in a magnetic field of 1T with the hot side temperature T h =156K (around which ZT∼0.4) and an average current density of 100 A/cm 2 . The theoretical framework leading to formulas (1) is strictly analogous to that of Peltier cooling (with the adiabatic thermomagnetic figure of merit Z a replacing the thermoelectric figure of merit [7, 8] ). In Peltier coolers both the efficiency and ∆T M AX can be substantially improved if a "cascade" of cooling devices is used, in which every stage is the heat sink of the previous one and has a larger cooling power [8] . In Ettingshausen coolers one can simply shape the cooling block in a way that the heat sink side is larger than the heat source side in order to continuously increase the cooling power within a single stage. Thus a shape (a trapezoidal block with exponential sides) corresponding to "infinite staging" has been obtained [5, [9] [10] [11] that was capable to reach ∆T=101K for a single crystal Bi block with a heat sink face 128 times larger than the heat source face in 11T magnetic field [12] .
In the cooling setup proposed in this paper some shaping is present simply due to the circular shape, that implies a heat sink face larger than the heat source face, and one can expect better performances than in an analogous cooler with the shape of a parallelepiped [13] . Moreover staging, i.e. multiple thermomagnetic layers with different currents J 1 , J 2 , . . . and/or materials can be still used to further improve them.
It is to be noted that ∼ 10T is the order of magnitude of the magnetic field just outside high-current cables used in both resistive and magnetic coils. Cables generating higher fields can also be considered since the upper critical fields of both conventional and high-Tc superconductors are even higher (for Nb 3 Sn H c2 30T , for YBCO H c 2 120T , for the recently discovered Fesuperconductors [14] H c 2 50T ).
THE FUNDAMENTAL EQUATIONS FOR A CIRCU-LAR ETTINGSHAUSEN COOLER
In order to evaluate quantitatively the performances of the proposed circular Ettingshausen setup one has to consider the transport equations for thermoelectric effects in a magnetic field that can be derived in the linear response approximation using out-of-equilibrium thermodynamics [15] . We consider a cylindrical cable (the axis of the cable is taken to be in theẑ direction) with a core of radius r 0 and a coating layer of external radius R, as in the lower panel of Fig. 1 . The cable is much longer than wide, so that besides some effects at the ends of it, all quantities are constant by respect to z and θ and the heat flows radially. Following Kooi et al. [7] the relevant equations in the present case, written in cylindrical coordinates, are:
where j z and E z are respectively the electric current density and the electric field, along the direction of the cable, within the thermomagnetic layer (E = −∇µ, where µ is the electrochemical potential), whereas q r is the heat current density in the radial direction and T (r) is the absolute temperature.
All quantities are function of r, even if the continuity of the electrochemical potential and the symmetryimposed constant value of E r as a function of z imply that E z is also a constant in r (because ∂E z /∂r = − ∂ 2 µ ∂r∂z = ∂E r /∂z = 0) [7] . Eq. (7) shows then that the current density j z can vary with r. B(r) = B 0 r 0 /r is the intensity of the magnetic field (oriented alongθ), which we parametrize by its value at the interface between the conducting core and the thermomagnetic coating B(r = r 0 ) = B 0 = µ0 2π I r0 = µ0 2 r 0 i, where µ 0 is the vacuum permittivity and I and i are the total current and current density in the cable core, respectively [16] .
In order to find the temperature and current distribution, energy conservation has to be enforced at each point by a continuity equation [7] ∇ · (q + µj) = 0, that here specializes to:
The set of unidimensional equations (7), (8) and (9) can be solved numerically, especially when a material specific dependence in T and B of the transport coefficients has to be taken into account [11] . However we can gain some physical insight analytically first, in particular cases.
PHYSICAL INSIGHT THROUGH AN ANALYTICAL MODEL
Indeed it is natural to consider the case of constant ρ, N and K, to be compared to the analogous treatment for a rectangular cooler performed in Ref. 7 . In this case equations (7), (8) and (9) can be solved analytically (with a minor additional approximation in the present case, see the supplmentary material) for the temperature and heat flow distributions T (r) and q r (r).
These solutions are parametrized by the boundary conditions such as T (R) = T h , and q r (r 0 ) = q IN , so that, for a given material, the electric field is the only remaining knob, and the inner temperature T l = T (r 0 ) is then a function of T h , q IN and E z . For a cooling device coating a superconducting core (which does not produce any heat in the conduction) q IN = 0 in the steady state, whereas for the device coating a resistive core q IN is imposed and finite. Also for all stages beyond the first in a multi-stage setup q IN is finite.
We are interested here in knowing what is the maximum temperature drop that one can obtain for a given q IN . As said there is an optimal value of the electric field beyond which the temperature drop recedes. This is obtained by minimizing T l at fixed q IN and is:
where
2 log α − 1, and α = R/r 0 measures the thickness of the thermomagnetic layer (α > 1). This formula is very similar to that for a rectangular cooler [7] (where E M AX z = N BT l /b, and b is the thickness of the cooler). Γ α is an adimensional geometrical factor accounting for the present cylindrical setup: Γ α α − 1 and thus E max z diverges for α reaching unity (as it happens in the rectangular cooler for vanishing thickness b). It is to be noted that this value is independent of q IN .
The maximum temperature difference is instead reduced by any finite q IN (see supplementary material) but in the case of a single-staged cooler of a superconducting cable where q IN = 0 it reaches its maximal value and reads:
where Z 0 a is the adiabatic figure of merit corresponding to
0 /Kρ, the isothermal figure of merit at B 0 , the magnetic field in r 0 (Z 0 is independent of temperature in the chosen model).
We are then in the position to assess the order of magnitude of the temperature drop that can be obtained by the present cooling system. Indeed Fig. 2 shows that the analytical model captures very well the result of the numerical solution (lines vs squares), and from formula (6) one sees that for a circular cooler of vanishing thickness, since lim α→1 log α Γα = 1, the maximum temperature drop is equivalent to that for a rectangular cooler (in a constant magnetic field B 0 ) eq. (1). For parameters representative of Bismuth at very high magnetic fields and ambient temperature (yielding Z 0 a T ∼ 0.4), ∆T M AX is of order ∼ 50K. When the cylindrical cooler has a finite thickness, however, the value of ∆T M AX is reduced by the geometrical factor log α/Γ α , which is a slowly decaying function of α. This reduction shows that the decay of magnetic field with the distance from the core cable prevails on the aforementioned advantages of the cylindrical shape. However, it is remarkable that if a constant B = B 0 is fictitiously imposed, then the ∆T /T l (calculated numerically) is on the contrary enhanced for thicker circular coolers (Fig. 2, dots) . This illustrates explicitly the improvement of cooling power over a rectangular −1 roughly representative of Bismuth at ambient temperature and B 12T) for a magnetic field at the interface between the cable core and the thermomagnetic coating of B0=12.6T (e.g. generated by a current of density 10 5 A/cm 2 running in a core of radius r0=2 cm), plotted as a function of the thickness α. The results of the numerical solution (squares) and the analytical result eq.(6) are plotted, validating the minor approximation used in the analytical treatment (see supplementary material). The red full dots represent the numerical results for the same parameters but for a magnetic field artificially kept constant (B=B0) at all distances. The black line is the result for a rectangular cooler eq.(1) at the same B=B0. These results show that the order of magnitude of the temperature drop (for zero heat load qIN = 0) is correctly described by formula eq.(6) (being ∼ 50K for the present parameters), and that, for constant coefficients, in the cylindrical geometry a slow reduction with the material thickness comes from the decay of the magnetic field, that supersedes the advantages of the cylindrical shape over the rectangular one in terms of cooling.
shape (for which ∆T /T l is independent of the thickness, eq. (1)) brought in by the circular geometry. A constant magnetic field is indeed artificial in this geometry but, as we will see later on, this advantage can still be exploited in a real cooler whenever the figure of merit of the thermomagnetic material becomes insensitive to the decay of the magnetic field. There, the circular geometry yields enhanced performances.
We have not considered thus far the overall efficiency of the proposed cooler. Indeed energy will be dissipated to maintain the temperature gradient and heat will be expelled (even when q IN = 0), in accord with the second principle of thermodynamics. In the case in which q IN = 0 it is useless to consider the customary coefficient of performance or COP= q IN /W , where W is the expenditure of electric power (per unit cable length) for the cooling W = 2π R r0 rdrE z j z (r), since the COP vanishes.
We will just consider W = Q OU T = 2πRq r (R) (where we used eq. 9), i.e. the total expelled heat for unit cable length as the measure of the convenience of the cooling process, for a given temperature drop. In the considered model (see the formula in the supplementary material) for vanishing thickness Q OU T recovers exactly the result for rectangular coolers and diverges in a way inversely proportional to the thickness, in accord with the divergence of E M AX z . For finite thickness Q OU T decays (like log 2 α/α 2 at large α). It should also be noted that Q OU T depends only on the ratio α = R/r 0 , but for a larger device (i.e. larger r 0 and R, at constant α) the same heat is distributed on a larger surface (i.e. q r (R) is smaller) so it will be more convenient for the thermalization to the ambient temperature.
Thus in the present model with constant coefficients a compromise in choosing the coating thickness, between the decay of ∆T and that of Q OU T , has to be found, i.e. a regime in which the amount of power needed to reach the desired temperature drop doesn't make the whole process largely disadvantageous compared to other cooling systems. In this view, as shown for Peltier cooling in Ref. 17 , the main practical advantage of a circular over a rectangular setup is the automatic thermal insulation ensured by the circular geometry, and absence of border effects far from the cable ends.
However turning to more realistic calculations we will see that whenever the material figure of merit becomes insensitive to the magnetic field the circular geometry has a neat advantage in terms of higher temperature drops.
NUMERICAL RESULTS FOR A REALISTIC SETUP REALIZED IN BISMUTH
Indeed a simulation for a cable cooler using the realistic properties of metallic Bismuth is possible. Using available data in the literature, a map of ρ(T, B) [18] ,K(T, B) [19, 20] [21] and N (T, B) [22] along the crystal axes of higher performance [23] can be traced in the ranges B=0÷13T and T=70÷300K, suitably interpolating to obtain the values at any B,T, which is needed in order to numerically solve the system of equations (7), (8) and (9) .
The maximum temperature drop that can be reached within the realistic simulations as a function of the thickness is shown in Fig. 3 , along with the amount of expelled heat.
The electric field E
M AX z
giving the maximum temperature drop for each α is very well described by the analytical expression for constant material parameters eq. (5), while the ∆T is seen to raise with α (in contrast with the constant coefficient model considered above) below α 2.75, where it starts decreasing. This behavior is easily interpreted by looking at the measured figure of merit for this material [4] (inset of Fig. 3) . Indeed it is known [8] that when the condition µ e B >> 1 is met, where µ e is the electron mobility, the figure of merit saturates. This happens obviously at higher fields, for higher temperatures, at which the electron mobility is lower. It is seen that B ∼ 5T is the saturation field at room tem- 
the crystal axes of maximum thermomagnetic performance, and a magnetic field equal to B0=12.6T at the interface between the cable core and the thermomagnetic coating (generated by a current of density 10 5 A/cm 2 running in a core of radius r0=2 cm). Data in the main plot show (in units as indicated in the legend) the temperature drop ∆T , the total expelled heat for unit cable length and the average current density running in the thermomagnetic coating, as a function of the thickness of the cooling layer α = R/r0. The improvement for one realization of a double-layer coating (see text) to ∆T =105.5K is indicated by the arrow. Inset: measured figure of merit for Bi (reproduced from 4), showing the saturation field and saturation value for ZT at various temperatures. As long as the cooler is immersed in high enough magnetic field so that the thermomagnetic figure of merit assumes its saturation value, ∆T raises with the cooler thickness.
perature (implying also that at all lower temperatures ZT will have already reached its saturated value). Indeed in our setup, if the whole thermomagnetic layer is immersed in a field above the saturation value at room temperature, then its properties will be insensitive to changes in B, and ∆T is expected to grow, as shown in Fig. 2 . The magnetic field is the lowest at the external border (i.e. r = R) and it diminishes with growing α, so as long as α is such that B(r = R) is above 5T we expect ∆T to grow, and only for larger α's to start the logarithmic decrease expected in the analytical model. It is easily checked that B(R) = B 0 /α 5T when α 2.5, for the chosen B 0 = 12.6T , so the rationale matches the simulations.
As a partial conclusion then, numerical simulations for realistic parameters show that the proposed Ettingshausen cable cooler realized in pure Bismuth may in principle reach more than 60K temperature drop from the ambient temperature if the current running through the core is strong enough to generate a field at the interface of ∼ 12T , which is a realistic value for a superconducting cable (and ∆T would grow even more for higher magnetic fields and higher α's). This would be done with moderate energy cost, as the expelled heat would be of ∼50-80 W/cm of cable length, which is a very encouraging result.
Besides the evaluation of the heat loss however, one realizes that higher temperature drops are needed in the hope of using this cooling system down to high-Tc superconductor critical temperatures. The usual way to go to do this is using multiple cooling stages [13] .
STAGING
Indeed in this context multiple layers of (possibly different) thermomagnetic materials, each with a different electric field (and thus a different current running through them) can further improve the performance. Adding a second stage yields a temperature drop ∆T = ∆T 1 +∆T 2 which is a complicated function of the two electric fields and the two radiuses E z1 , E z2 , R 1 , R 2 . In particular ∆T 2 will be reduced due to the heat flux q IN 2 = q OU T 1 expelled from the inner stage. An exact theory of staging optimization is beyond the scope of this article, however the generalization of the formula for ∆T eq. (6) to finite q IN (see supplementary material) suggests a simple way to nearly double the ∆T . Indeed ∆T 2 is reduced by a term ∝ q IN 2 R 1 log α 2 , that can thus be minimized by minimizing the thickness of the layer α 2 = R 2 /R 1 , which also maximizes the term proportional to Z 0 a since the geometrical factor in eq. (6) tends to 1. Thus in principle a double coated cable with the external cooler layer much thinner than the internal one, in which both electric fields would be tuned to the respective E M AX z , would nearly double the ∆T M AX .
This can be successfully simulated and as an example the configuration (keeping the realistic material properties for Bi and the same core current and radius r 0 = 2cm as before) with R 1 =5cm, R 2 =5.1cm, E z1 =0.065V/cm and E z2 =0.48V/cm yields ∆T =105.5K (see Fig.3 ). This excellent result is however reached at the expenses of a very large energy consumption (Q OU T =1072W/cm!), since E z2 is very large to match the value for maximum cooling in the very thin second layer. Indeed a compromise between temperature drop and heat losses is part of the optimization process and is beyond the scope of this article. Nevertheless we judge the present results of ∆T > 100K very encouraging for future applications.
DISCUSSION: MAIN OBSTACLES AND IMPROVE-MENT OF MATERIALS
At this point of the discussion, a few obstacles need to be pointed out. One obvious problem in the case of the cooling of a superconducting cable is the starting procedure. Indeed in the steady state the presented setup runs in a "symbiotic" configuration: the superconducting current provides the high magnetic field needed to operate the cooler, which in turn provides the low temperature needed for the superconductor to work. This mode of operation seems reachable only if another, more conventional cooling system is used for initiating the steady state [24] .
Another point to be considered is that for the device to actually work with a superconductor the temperature to be reached is well below T c . Indeed T c is lowered by a finite magnetic field and current density. These three parameters are interdependent have to be inside a zone in the parameter space (see e.g. [25] for Nb 3 Sn) such that all are far from their highest values. Thus the needed temperature drops are even larger than just reaching T c (B=0, i=0) and have to be obtained with magnetic fields well below the critical values, etc.
A third point is that Bismuth, today's champion thermomagnetic material at ambient temperature, has very anisotropic properties. Since it is probably unpractical to coat a cable in a layer of oriented single-crystals of Bismuth such that ZT is maximized at all angles, the actual performance is likely to be inferior to what the simulations presented in this article show.
Lastly, for applications at temperatures below 100K (e.g. in a possible setup in which a low-T c superconductor is cooled with the thermomagnetic coating in order to operate in an external bath of liquid Nitrogen, much less expensive than the normally used liquid Helium) unfortunately Bismuth is not useful. Indeed its thermomagnetic properties degrade quickly below ∼100K. [2] All the listed hindering point could be overcome however if better thermomagnetic performance than in Bismuth and its alloys [26] [27] [28] could be obtained. Indeed thermoelectric materials have witnessed enormous developments in the last decades, while thermomagnetic materials have received much less attention. Few exceptions are noteworthy, and encouraging. For instance lately the large value of Z a T =0.5 in the range 35-50K has been reported for Li 0.9 Mo 6 O 17 [29] .
The guidelines for the search of efficient thermomagnetic materials have been laid down [9, [30] [31] [32] : ambipolarity (i.e. the presence of both electron and hole carriers), high-mobilities, low Fermi energies (i.e. shallow bands). These conditions are difficult to be optimized altogether, however heavy-fermionic materials (in which the electronic masses enhanced by the strong electronic correlations favor low Fermi energies) are being explored [31] and some of them like URu 2 Si 2 and PrFe 4 P 12 have shown a large Nernst effect at temperatures of a few Kelvins, holding promises for Ettingshausen cooling in that range of temperatures. Other materials show large Nernst signals like correlated semiconductor FeSb2 [33] , Iron pnictides (see e.g. C. Hess in [34] ) and others, but the optimization of thermomagnetic materials remains essentially uncharted territory as of today. Very rough estimates let however imagine that nothing prevents reaching ZT as high as 0.8, [10] in principle, which would yield exceptional performances.
CONCLUSIONS
In conclusion, a solid-state mechanism for building selfcooling high-power cables was proposed in this article. An analytical treatment of the differential equations for the temperature and heat current distributions was given for the case of constant material parameters. The estimate for the maximal temperature drop that can be obtained in this setup is similar -actually slightly inferior for finite thickness -to that of a standard rectangular cooler (in a constant magnetic field equal to the maximum field in the circular cooler B 0 = B(r 0 )), because the advantage in heat pumping brought in by the circular shape is overrun by the decay of the magnetic field with distance. However remarkably numerical simulations with realistic parameters for Bismuth coatings show that for a coating layer up to 2.5 times wider than the core the temperature drop from ambient temperature increases until 60K. This is due to the saturation of the thermomagnetic properties in high magnetic fields, so that as long as the entire coating is immersed in a field larger than 5T for Bismuth the performance is insensitive to the decay of B(r) and only the advantage due to the geometrical properties of the circular setup remain. Finally results from simulations for a 2-layer staged cooler are given, showing temperature drops larger than 100K (even if with a much larger electrical expenditure) from the ambient, as indeed predicted by the analytical model.
These results are encouraging for applications such as high-power cables for long-distance transport of electric power, but also with some adjustments to the cooling of magnet coils, among others. An improvement on the present-day performance of the known thermomagnetic materials is probably needed for any of these applications to become technologically convenient, and hopefully this article will stimulate further research in this subfield, which has received much less attention than its thermoelectric counterpart, thus far.
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A thermomagnetic setup for self-cooling cables: Supplementary information
S1. ISOTHERMAL AND ADIABATIC FIGURES OF MERIT
All the physical properties of a thermomagnetic material used in the main text (the resistivity ρ, the Nernst coefficient N , the thermal conductivity K) are intended defined in a transversely isothermal setup (e.g. the isothermal resistivity is measured keeping the transverse temperature gradient to zero). The figure of merit
is thus called the isothermal figure of merit. It is also useful to define the adiabatic figure of merit
ρaK , which is an analogous quantity in which appears the adiabatic resistivity. The latter is measured keeping the transverse heat flow to zero and reads [6, 15] 
The two figures of merit are related by Z a = Z 1−ZT , so that Z a T is always larger than ZT and their range of physical values is different in that 0 < ZT < 1 while 0 < Z a T < ∞. [7] Measured ZT for Bi and BiSb alloys reaches, in high magnetic fields, values between 0.2 and 0.4 in the temperature range 100-300K, as shown in the inset of Fig. 3 in the main text [4] . Correspondingly Z a T assumes values between 0.25 and 0.66.
The adiabatic figure of merit Z a plays in thermomagnetic applications the role that the isothermal thermoelectric figure of merit Z SP = S 2 ρK (where S is the Seebeck coefficient) plays in thermoelectric (Seebeck-Peltier) applications [7, 8] .
S2. ANALYTICAL TREATMENT OF THE CIRCULAR ETTINGSHAUSEN COOLER WITH CONSTANT COEFFICIENTS
The fundamental equations for the heat flow and temperature distribution for a circular Ettingshausen cooler, as we have seen in the main text are:
where j z and E z are the electric current density and the electric field respectively (E = −∇µ, where µ is the electrochemical potential), along the direction of the cable , whereas q r is the heat current density in the radial direction and T (r) is the absolute temperature. N , ρ and K, and thus Z are in general functions of temperature and magnetic field, and indeed material-dependent. All quantities are constants in z and θ because of the cylindrical symmetry but are indeed functions of r. However the continuity of the elettrochemical potential and the symmetry-imposed constant value of E r as a function of z implies that E z is a constant in r, because [7] ∂E z /∂r = − ∂ 2 µ ∂r∂z = ∂E r /∂z = 0.
This implies in particular, through eq. (7), that the current density j z likely varies with r. B(r) = B 0 r 0 /r is the intensity of the magnetic field (oriented alongθ), which we parametrize by its value at the interface between the conducting core and the thermomagnetic coating B(r = r 0 ) = B 0 = µ0 2π I r0 = µ0 2 r 0 i, where µ 0 is the vacuum permittivity and I and i are the total current and current density in the cable core, respectively (in principle one should also consider the magnetic permittivity of the thermomagnetic material µ r in the calculation of B. However even in strong diamagnetic materials (such as Bi) µ r is in practice 1). The current density i is that of the main current transported by the cable, running in the cable core and generating the magnetic field, and should not be confused with the density of auxiliary current j z , which runs in the thermomagnetic coating and is responsible for the Ettingshausen cooling effect. Typically i will be several orders of magnitude larger than j z .
Equations (7) and (8) only express the heat and charge current response of a material submitted to a temperature and electrochemical potential gradient at a given point, but in order to find the temperature and current distribution energy conservation has to be enforced at each point by a continuity equation [7] ∇ · (q + µj) = 0, that here specializes to:
We will now solve the case with constant ρ, N and K (and thus Z). Indeed equations (7) and (9) can be combined and, in the case of constant ρ and N , solved for q r (r) giving:
with c 0 a constant in r. Also, from (8) and (10) one obtains the equation for the temperature distribution T (r):
A difficulty here is that Z depends on r through the magnetic field B(r) ∼ 1/r. In order to proceed analytically we make, in the left hand side of eq. (11), the approximation Z(r)T (r) = ZT , where ZT is a constant S2 in r. This may be not too bad of an approximation, since in our setup Z(r) diminishes with r and T(r) grows. Moreover in realistic situations -and this even prescinds from specific geometrical considerations -, at large values of the magnetic field ZT is known to saturate, becoming constant in B, while an optimal choice of the thermomagnetic material in the range of temperatures of interest implies that ZT should be near to its maximum and thus likely quite constant for a range of temperatures. As a practical example -as shown in the main article (inset of Fig. 3 ) -for fields above 5T and temperatures between 100K and 300K Bismuth has a rather constant value of ZT between 0.2 and 0.4 [4] . However it does so thanks to a compensation of the dependence of ρ(T, B), N (T, B) and K(T, B), which is not taken into account here since we have assumed these quantities to be constants, thus our treatment remains approximate in any case.
Solving eq. (11) with this approximation (and also considering a constant K) leads to the expression for the temperature dependence:
with c 1 another constant in r. Two kind of boundary conditions can be used to parametrize the solutions through c 1 and c 0 . Indeed the external (heat sink) temperature is fixed for a thermostated device, i.e. T (R) = T h , and either the internal temperature T (r 0 ) = T l or the heat flow at the source q r (r 0 ) = q IN can be fixed (in each case the other quantity becoming a function of the fixed one). It is the latter that is useful in the context of this article. When fixing the boundary conditions so that T (R) = T h and q r (r 0 ) = q IN one obtains the two conditions (12) and (13)). The alternative parametrization T (R) = T h and
) − c 0 log Rr 0 . Indeed for a cooling device coating a superconducting core (the latter not producing any heat in the conduction) q IN = 0 in the steady state, whereas for the device coating a resistive core q IN is imposed and finite. Also for all stages beyond the first in a multi-stage setup q IN is finite.
We are interested here in knowing what is the maximum temperature drop that one can obtain for a given q IN . The electric field that minimizes T l at fixed q INwhich is given by the same condition that maximizes the cooling power q r (r 0 ) for any fixed T l -is:
where Γ α = α 2 −1 2 log α − 1, and α = R/r 0 measures the thickness of the thermomagnetic layer (α > 1). This formula is very similar to the case of a rectangular cooler [7] (where E max z = N BT l /b, and b is the thickness of the cooler). Γ α is a geometrical factor accounting for the present cylindrical setup: Γ α α − 1 and thus E max z diverges for α reaching unity (as it happens in the rectangular cooler for vanishing thickness b). The expression eq. (14) is exact in our model, i.e. it does not depend on the approximation ZT = ZT , because the terms involving ZT disappear when performing the derivative in E z (even without doing the aforementioned approximation this holds true because the derivative of the terms in question vanish at the extremal point).
The maximum temperature difference then reads:
0 /Kρ is the isothermal figure of merit corresponding to B 0 , the magnetic field in r 0 (and is independent of temperature in the chosen model).
In the case of a single-staged cooler of a superconducting cable q IN = 0, and taking into account that Indeed the precise choice of ZT for any given α in the analytical model is somewhat arbitrary in the present treatment, however most reasonable choices yield an analytic T l fitting the numerical data (at least for the physical parameters chosen here) within a few % over a range α=1÷3.5. This is shown by the comparison of two such choices in Fig. S1 (solid lines) , and their nice agreement with the exact numerical solution of the model (dots). This justifies the use of a "generic" Z 0 a that we have made in the main article, however one should keep in mind this point.
Examples of possible choices are the natural meanfield-like choice ZT =< Z(r)T (r) > < Z(r) >< T (r) > S3 and the choice ZT = Z 0 T l , leading to
. In the latter case, solving explicitly for T l gives:
The blue solid line (titled Z 0 a (T l )) plotted in Fig.S1 is ∆T /T l calculated using this expression and shows a good agreement with the numerical solution.
The choice ZT = Z 0T (whereT = (T h + T l )/2 is the middle temperature in the cooler) is instead further off at large α but reproduces exactly the α = 1 limit, conciding with the result for a rectangular cooler (eq.(1) of the main article, black solid horizontal line in the Figure) . Much more precise results reproducing the dependence of ∆T M AX on α (particularly for large α) are obtained setting (in eq. (15) (16) is plotted, for two typical choices of ZT , as explained in the text. These results show that the order of magnitude of the temperature drop (for zero heat load qIN = 0) is correctly described by formula (eq. (16)), and illustrate the reduction with material thickness in the cylindrical geometry compared to the rectangular one at fixed B = B0, due to the decay of the magnetic field, that supersedes the advantages of the cylindrical shape, in this model with fixed coefficients.
